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ABSTRACT

The prediction of ground movements due to
underground mining is now a mature methodol-
ogy that can be applied to perform accurate and
realistic predictions of potential impacts to sur-
face structures and facilities. Through the applica-
tion of the influence function method, a number
of deformation indices can be calculated using
average or conservative parameters, including
subsidence, slope, horizontal strain and surface
curvature, at any point on the surface, or at any
other elevation above the extracted seam.

In the case of horizontal displacement calcu-
lations, research has identified the effect of slop-
ing terrain on the displacement vectors. Surface
points, once disturbed by the subsidence process,
tend to displace downwards, due to sloping sur-
face terrain, as well as towards the subsidence
trough.

In this paper, a new tool will be presented
that provides a methodology to allow for site
specific adjustments of horizontal displace-
ments due to sloping terrain. This method has
been incorporated into the Surface Deformation
Prediction System (SDPS) package developed at
Virginia Tech. A case study is presented where
the application of the terrain slope adjustment
in ground movement predictions is validated by
field measurements.

INTRODUCTION

It is well documented in the literature (Peng
and Luo 1989; Luo et al. 1996) that horizontal
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displacements induced by underground mining
under sloping terrain may be different from hori-
zontal displacements measured on a flat surface.
Furthermore, Luo et al. (1996) conclude that
the main factors that affect the magnitude and
orientation of horizontal displacement of sur-
face points are the total movemenct at each point
and the angle of the natural slope at each point.
According to their analysis, toral movement
includes both vertical and horizontal incremental
displacements, prior to applying any corrections
due to the sloping terrain. At the same time, work
by Khair et al. (1987) indicates that topography
has no effect on the amount of vertical subsid-
ence, but “the direction of horizontal displace-
ments exclusively depends on topography when
the slope is significantly large.”

It is evident that at a particular point, the
displacement mechanism relates to soil proper-
ties and conditions (Karmis et al., 1990; 1991).
At a larger scale, mathematical and/or numerical
models as described in slope stability evaluation
procedures may be applied in order to obtain an
overview of movements. This usually involves
precise knowledge of soil and overburden mass
properties and elastic/plastic response constants,
as well as parameters that describe potential slid-
ing failure such as cohesion and angle of inter-
nal friction. In this work, a simple mathematical
algorithm relying on a single parameter is derived
and implemented that allows for more accurate
calculations of horizontal displacement over
undermined terrain.
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Figure 1. Surface elevation contours and grid points

REPRESENTING SURFACES WITH DIGITAL
MODELS

‘Digital elevation model’ (DEM), ‘digital ter-
rain model’ (DTM) and ‘digital surface model’
(DSM) are all terms used to represent a surface
terrain (with or without vegetation, structures,
etc.) digitally. These models are created from ter-
rain elevation data. Commonly, 2 DEM can be
represented as a vector-based triangular irregular
network (TIN) or as a raster (i.e., a set of rectan-
gular grids). In this paper, the term ‘digital eleva-
tion model’ will be used to refer to the digital
representation of the topographic surface used
in the ground deformation calculations above an
undermined area.

In general, more detailed local representa-
tions of surfaces are mathematically represented
by polynomial equations. Depending on the
complexity of such equations, elevation data at
several points may be needed to obtain a complete
and accurate mathematical model. Elevations at
grid points (points on the surface that are evenly
spaced as shown in Figure 1. Surface elevation
contours and grid points) are commonly used to
provide data for such equations.

Although any order of polynomial may be
used to model local surface patches, a quadraric
function can be regarded as a successful compro-
mise between the number of data points required
to uniquely model the surface and the accuracy
with which the model fits the true surface. By the

nature of such models, it is evident that the equa-
tion will be most accurate in the vicinity of these
data points. Planar surfaces would only require
three points to define the polynomial equation;
therefore, they could be modeled using four grid
points defining a local window. However, a planar
model is rarely sufficient to model actual surfaces
in a large or local scale. Polynomials of order three
(3) or higher can model more convoluted surfaces
including breaks of slope (points of inflection),
but require ten points to define the surface. Since
this would require a local window of more than
3 by 3 grid points (2 by 2 cells), it is usually
impractical for common applications. Thus, the
quadratic function, shown in Equation 1, appears
the most widely and appropriately used model for
general geomorphometric approximation (Wood,
1996). To determine the coefficients of this equa-
tion, six known elevation values are needed.

z=ax’+ by voyrdevey+f 1

Alternatively, Equation 1 can be written in the
form of the general conic:

ax® + by? + 2hxy + 2jx + 2ky + m = 0 2)

where h=c/2, j=d/2, k=e/2 2, and m=f-z.
Instances of the general conic fall into one
of three types (hyperbolic, parabolic or elliptic),
depending on the values of the coefficients 4, &
and 4. Terrain parameters such as slope angle
and slope aspect can be defined by consider-
ing the partial differential equations of the gen-
eral quadratic Equation 1 or the general conic
Equation 2, as detailed in the following section.

Slope Angle and Slope Aspect

The rate of change of elevation in both the x and
y directions can be used to identify the direction
and magnitude of the stecpest gradient. These
two parameters can be found by taking the partial
first order derivatives of (1) above, with respect

to x and y:

%=24x+cy+d (3)
02 _gpyicxte (4)
Oy 4




310  Environmental Considerations in Underground Mining

Y
AN
V. /‘”L’//
%5 O
& ‘_)\o‘?/
Y
slope dip y
direction
o slope aspect angle
| o,
L ¥
sin a plan view x

side view X

o

35

LN

@
sinb

Figure 2. (a) Slope aspect angle and slope dip direction in the x-y axes; {b) slope angle in the x-z axes

The tangent of the maximum slope angle at a
point can be found by combining Equations 3

and 4:
2 0 Z_Z

Slope Tangent = \[%] 1oy 5)

By adopting a local coordinate system with the
origin located at the point of interest on a specific
slope (i.c., x=0, y=0), Equation 5 becomes:

Slope Tangent = v &+ 6)

where slope is expressed as the tangent of the
(maximum) slope angle. Equation 7 shows the
conversion of the slope tangent to the slope angle
in degrees or radians. The slope angle represents
the maximum (natural) slope at the surface
location, which is represented by the quadratic
Equation 1:

Slope Angle = arctan[v 4% + ¢ | @

In a similar fashion, slope aspect (also known
as slope direction or slope bearing) is a line
defined by its polar angle, which is described in
Equation 9 by the two orthogonal partial deriva-
tives (Srinivasan and Engel, 1991).

Slope Aspect = arctan [ﬁ] (8)
‘The slope dip direction is the actual direction of

the maximum slope, and it is always orthogonal to
the slope aspect angle. Observing the right-hand

coordinate system, the slope dip direction can be
calculated by Equation 9:

Slope Dip Direction = Slope Aspect + 90 (9)

Note that Equations 6-9 can also be given in
terms of the coefficients of the general conic
Equation 2. Figure 2a shows the slope aspect and
slope dip direction, while Figure 2b shows the
slope angle.

Figure 3 illustrates maximum slope angle and
slope direction (aspect) for four cases of planar
surfaces digitized by square grids. The numbers in
the circles represent elevations in units of length.
The dashed lines represent the respective eleva-
tion contours, while the arrows show the slope
aspect or slope direction and the direction of the
maximum slope angle for each case, respectively.

By applying Equations 7 and 8 to the first
planar surface, it can be easily calculated that the
slope aspect is —45°, the direction of the maxi-
mum slope angle is +45°, and the maximum slope
angle is about 35°.

CALCULATION OF HORIZONTAL
DISPLACEMENTS DUE TO UNDERGROUND
MINING USING THE INFLUENCE FUNCTION
METHOD

Influence function methods have been widely
applied for the calculation of a number of sur-
face deformation indices including subsid-
ence and horizontal displacement. Utilizing the
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Figure 3. Slope dip direction and slope aspect for four sloping planar surfaces

bell-shaped Gaussian function, subsidence g (x, 5)
at any point can be given by:

S (x—x)z)
g(x,5) = gf,x) e(_" 2 (10)
where
# = the radius of principal influence
= hl tan(P);

b = the overburden depth;

P = the angle of principal influence;

s = the coordinate of the point, P(s), where
subsidence is considered;

x = the coordinate of the infinitesimal
excavated element; and

So(x) = the convergence of the roof of an

infinitesimal excavated element

Therefore, subsidence at any point P(s) can be
expressed by the following equation:

(x-5)

S(x,5) = %fi : So(x) e<_n7>a'x

and for finite extraction limits (x;, x,)

S(x,5) = S max f: e‘<_n(x:_;)2>dx 1n

v

In the case of the half-infinite horizontal plane
excavation, extraction is assumed to occur from
x to +oe. By identifying the coordinate s with
the coordinate x and by selecting the origin of
the coordinate system to be at the edge of the
extracted area, Equation 11 can be written as:

§(x) = SmaX f mz(-“%z)dx (12)

Furthermore, Equations 14 and 15 relate the
horizontal displacements Ux) and U(y) to the
first derivative of subsidence, i.e., tilt for the case
a finite size rectangular parcel defined by (x;, y; —
xy, 9,) (see also Karmis et al., 1990):
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U(x) =—Bs%ﬂ

-3 ’;“[e(% - (*3)] (13)
2

X fy lyze('“%)dy

here B is the strain coefficienc in length units.

Using Equations 14 and 15 the horizontal
displacement at any surface point (x,y) can be cal-
culated. This calculation depends on the actual
location of the surface point, but the point itself
is assumed to lic on a horizontal plane at that
location.

ADJUSTMENT OF HORIZONTAL
DISPLACEMENTS DUE TO SLOPING
TERRAIN

As already discussed, the main factors that affect
the magnitude and orientation of horizon-
tal displacements at surface points are the total
movement at each point (i.e., subsidence and/
or horizontal displacement) as well as the direc-
tion and angle of the natural slope at cach point.

Thus, based on Equations 14 and 15 the adjusted
horizontal displacements may be calculated as
follows:

U'(x)= Ul(x)+ SC* ABS(S(x,3))
*cos(90 + slope aspect) (15)
*sin(slope angle)

U'(y) = Uly) +SC* ABS(S(x,5))
*sin (90 + slope aspect) (16)

*sin (slope angle)

where S(x,3) is the subsidence at point (x, ), SCis
a unitless slope coefficient related to the type of
top soil and the local conditions.

For the implementation of the above proce-
dure, a detailed digital representation of surface
elevations is necessary. If a DEM or a TIN is
available, then a detailed grid can be generated
and used for calculating the slope aspect and the
slope angle.

This methodology has been incorporated
into the influence function formulation of the
SDPS package to facilitate calculations and visual
representation of the results.

DEMONSTRATION EXAMPLE

For this demonstration example, a fully extracted
panel of supercritical geometry is defined with
the long dimension to the north. A transverse
line of monitoring points is defined at mid panel
on a planar surface sloping at 10 degrees to the

transverse line s

___sloping planar surface
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Figure 4. Conceptual diagram of fully extracted panel under a sloping surface
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Figure 5. (a) Calculated horizontal displacements without adjustment; (b) calculated horizontal
displacements with adjustment; note that only the half panel is shown
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Figure 6. {a) Comparison of ground strains with and without adjustment (the two curves are identical);
() comparison of horizontal displacement magnitude with and without adjustment

north. A conceptual diagram is given in Figure 4.
In order to use the SDPS software, the extraction
thickness is set to 5 ft, the percent hardrock to
50%, the tangent of the influence angle (tanb) to
2.31, the strain coefficient (Bs) to 0.35, and the
slope coefficient to 0.5. (Note that a slope coef-
ficient of zero is equivalent to no adjustment.)
Figure 5 presents the calculated horizontal
displacements before and after the adjustment
along the monitoring line. As expected, the dis-
placement vectors point downward, towards the
foot of the sloping surface. Figure 6Ga presents the
ground strains calculated before and after the
adjustment. As expected the change in the strain
is negligible. Figure 6b shows the magnitude of
the horizontal displacements. It is interesting to
note that although the horizontal displacements
were zero at the middle of the panel before the

adjustment, they assume a positive value after the
adjustment. This is to be expected since the slid-
ing mechanism translates these points more than
the less-disturbed surface points located at the
sides of the trough.

CASE STUDY

The adjustment of horizontal displacements due
to sloping terrain using the above methodology is
demonstrated for a case of a longwall panel under
hilly terrain. Figure 7 shows the layout of the
panel, a monitoring line and the surface contours.
Overburden depth under the transverse monitor-
ing line to the west of the panel varies from about
350 ft to about 650 ft and seam thickness is about
6.5 ft. Monitoring point spacing is about 100 ft.
An edge effect of 150 ft was applied on both sides
of the panel. Figure 8 shows the calculated and
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Figure 7. Layout of longwall panel, transverse monitoring line, and surface contours
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Figure 8. Calculated and measured subsidence along monitoring line

measured subsidence along the monitoring line
starting from south going north, assuming full
extraction of the panel.

Figure 14 compares the calculated maximum
displacement values before and after the adjust-
ment. The horizontal axis represents distance
along the monitoring line calculated from the
point furthest away from the south west edge of
the mine panel. It can be easily observed that the
calculated values match very well the measured
data for the vertical displacement.

In order to apply the slope adjustment meth-
odology described earlier, a 20x20 ft grid pattern
was created based on the surface contour eleva-
tions. The spacing of the grid was selected based

on the spacing of the available contours, which
were set at 20 ft intervals (see Figure 9). The slope
aspect and maximum slope were then calculated
at the closest grid point to each point on the
monitoring line, based on the surface grid shown
in Figure 9. The results are shown in Figure 10.
Note that the aspect angles are given in a counter-
clockwise direction from the positive x axis.
Figure 11a presents a plan view of the calcu-
lated maximum horizontal displacement vectors
over the panel before the adjustment; Figure 11b
shows an overlay of the calculated vectors and the
measured values. Figure 12 shows a plan view
of the adjusted horizontal displacements using
Equations 16 and 17 and a slope coefficient equal
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Figure 9. Surface grid points and monitoring points
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Figure 11. (a) Plot of maximum horizontal displacement vectors without slope adjustment; (b) comparison of

horizontal displacement vectors to measured values

Figure 12. (a) Plot of maximum horizontal displacement vectors with slope adjustment; (b) comparison of

horizontal displacement vectors to measured values

to 0.2. Figure 12b presents an overlay of the mea-
sured and calculated displacements. Tt is clear that
after applying the adjustment the calculated val-
ues follow the natural slope downhill.

Franks and Geddes (1986) suggest that with
sloping surfaces the horizontal strain may not be
the most useful measure; instead, they propose
using the in-plane ground strain as the basic
parameter for comparison. Figure 13 compares
the calculated ground strain profiles before and
after the adjustment. Ground strain is calculated
based on directional strain along the monitoring
profile adjusted for terrain variation along the
same profile. Ground strain is more representa-
tive of the strain developed on the ground sur-
face, taking into account the natural terrain and
displacements due to the subsidence process. It

is evident that the strain profiles before and after
the adjustment do not vary significantly as was
also demonstrated in the theoretical case.

It can be observed, however, that not all
monitoring points follow that trend. This can be
attributed to a number of reasons, such as:

* The grid representation of the surface is
not as accurate either due to the gridding
procedure or due to the original elevation
contours. Clearly for this type of calcula-
tion a more accurate grid is needed.

* Although the direction of the maximum
slope seems to be the major factor, it is
possible that other factors contribute to
the lateral adjustment of the horizontal
displacements calculated at each surface
point.

.
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Figure 14 compares the maximum displace-
ment value before and after the adjustment for
three cases; measured, calculated without adjust-
ment of the horizontal displacement due to the
sloping terrain and calculated after adjusting the
horizontal displacements with a slope coeficient
equal to 0.7. The horizontal axis represents dis-
tance along the monitoring line calculated from
the point furthest away from the south west edge
of the mine panel.

The high displacement values are calculated
in both cases at the high tensile value offsets
(Figure 13). However, the adjusted curve matches
very well the measured maximum horizontal
displacement between the edges of the panel,
although the match is not as accurate around the
edges of the panel. Results are consistent with
the calculations presented for the demonstration
example.




318 Environmental Considerations in Underground Mining

CONCLUSIONS

‘The main factors that affect the magnitude and
orientation of horizontal displacements at sur-
face points are the total movement at each point
(.., subsidence and/or horizontal displacement)
as well as the direction and angle of the natural
slope at each point. The nartural slope conditions
at each surface point of interest can be calculated
from digital surface models. The simplest such
model can be represented by a surface grid gener-
ated from surface contours. A quadratic equation
is then used for the representation of the natural
slope at the cell level.

This paper presents a procedure to adjust
the horizontal displacements based on natural
slope conditions using a single coefficient. The
same correction algorithm is applied to the cal-
culated horizontal displacements of all surface
points. The algorithm has been implemented in
the Influence Function formation of the SDPS
package to facilitate calculations. The algorithm is
verified using an actual example of a monitoring
line, above a longwall panel, in hilly terrain.

Results of comparing adjusted horizontal
displacements to measured data both as vectors
on the horizontal plane and as maximum hori-
zontal displacement magnitudes are presented. In
both instances the comparison between calculated
and adjusted values show that adjusted horizontal
displacements using the procedure presented in
this paper better match measured values, both in
direction and magnitude.
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